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5 Dipole and multipole electric fields

5.1 Dipole electric field

Consider a pair of charges +q and —q separated by a distance d (where ¢ is assumed
positive).This is called an electric dipole. Although the total charge is zero, the electric
field is nonzero due to the separation of the charges.

We cannot use Gauss’s law in this case to determine the resulting electric field. Instead
we will determine the electric potential V, which is the sum of the electric potentials
produced by the individual charges; the electric field is then computed via the gradient
of the electric potential, E=-VV.

We will choose a cartesian coordinate system whose origin is midway between the two
charges, and in which the charges lie on the z-axis: the charge +q at the point (0,0, —I—%)
(in coordinates (z,v, z)), and the charge —q at the point (0,0, —%).
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Then, using the result that the electric potential at a point 7 due to a point charge g
at point 7 is

. q 1
VE) = — ———,
™) = Greo 7= 70l

the electric potential at a point 7 due to the dipole is

4 1 _ 4 ! . (1
V( ) 471'60 \/($2+y2+(z_d/2)2 47!‘60 \/x2+y2+(z+d/2)2 ( )

Suppose we are computing the electric potential at a point 7whose distance r = /zZ + y% + 22
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from the origin is large compared to the distance between the charges, % << 1. Then
2

d
x2+y2+(z:|:d/2)2=z2+y2+22:|:zd+z

(5.2)

. 2 : :
since & << ¢ if ¢ << 1. Next, using s =1+ 7)7V/2 ~ 1 — iz when |z] << 1,

1
~ 1(1 + z—‘i) (5.3)
\/a:2+y2+(z:|:d/2)2 r 2r

Finally, using Z = cos 6, where 0 is the angle between the position vector 7~ and the z-axis,

\/:z2+y2-{-(z:Fd/2)2 T

1 1, dcosf
~ (1% ‘;‘f ).

Substituting back into (5.8),
qd cosf

V() =

dmeg T2

Define a vector p’ of magnitude gd, called the electric dipole moment, which points
in the direction from the charge —gq to +¢ (so in our choice of coordinates, in the +z

direction).

Then gdrcosf = p'- 7, and we can write

—_ —

V(F) = 2T

_ ﬁ < €r
Amegr3  AmegT?’

where @, is the unit vector in the radial direction. Note that unlike a single point charge,
for which the electric potential dies off as %, for the dipole (a pair of separated charges
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with total charge zero), the electric potential dies off as % (faster). If the centre of the
dipole is at position 75, then the result is

. p- (7= 7o)
v(F) = 2T
") = Treo =)

In principle, to find the shape of the resulting electric field, we could draw equipoten-
tials (two dimensional surfaces on which the electric potential is constant) - the electric
field lines are then perpendicular to the equipotential surfaces. In practice, it is easier to
just compute the electric field. We will choose the polarization vector to point in the +z
direction, p'= pé€,, in which case p- 7 = pz, and so

The electric field is E = —VV = (—%%, —%V, —%‘g). For the z and y components , using
ar

5= = ¥ and similarly for y, we get

p 32z _p 3zy
4dmey 75’ V' Amey 15

=
The 2 component is more complicated,

p 1 p 322

i dmeg T3 Ameg TS

If we plot the field up, we get the classic dipole electric field.
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